Second SJAM Mathematics Olympiad—>Solutions

Dec. 21, 2020 — Jan. 17, 2021

1. [1 pt] Given that  — 3y +3z = 7 and 2z + 4y + 2z = 9, determine the value of z 4y + z.
(Problem by Zed)

Solution:

(x—3y+32)+22x +4y+2) =7+2(9) =25

oT + 5y + 52 = 25
T+y+z=20.

(Solution by Zed)

Remark: We can also solve for two of the variables (e.g. y,z) in terms of the other
variable (e.g. z).



2. [2 pts] Let ABCD be a rectangle. E is on side BC' and F' is on side DA such that
BEDF is arhombus. If BE =2 and CE = \/g, determine the size of the acute angle
between lines AB and EF.

(Problem by Zed)

Solution:
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BEDF is arthombus, so DE = BE = 2. Along with CE = /3, this shows that AEDC
is a 30-60-90 triangle with ZCED = 30°. Since BF || ED, we have ZEBF = 30°.

The fact that BEDF' is a rhombus also means BE = BF', so ZBEF and ZBFFE are
equal and add up to 180° — ZEBF = 150°. Therefore, ZBEF = 1(150°) = 75°.

............................... [0.5 pts]
Let P be the intersection of AB and EF. Then the acute angle between AB and EF
is /P =180°— /PBFE — /ZBEF =180° —90° — 75° = 15°. ................ [0.5 pts]

(Solution by Zed)



3. [3 pts] Biscuit is buying 656 biscuits for his boss, Tian. Biscuit needs to get Tian
precisely 656 biscuits, no more, no less; otherwise, Biscuit will be fired. Unfortunately,
all biscuits in the world come in packs of 7 or 13. How many packs of each kind does
Biscuit need to buy to have exactly 656 biscuits for Tian?

(Problem by Biscuit)
Solution:
Say Biscuit buys z packs of 7 biscuits and y packs of 13 biscuits, where z and y are
non-negative integers. Then, we need to solve the equation
Tr + 13y = 656.
Note that 7(90) + 13(2) = 656, so we can write the original equation as

T2 + 13y = 7(90) + 13(2)
7(z — 90) + 13(y — 2) = 0
13(y — 2) = 7(90 — ).

Since 13 and 7 are relatively prime, we must have y — 2 is divisible by 7 and 90 — x is
divisible by 13. So let y — 2 = 7k for integer k. Then y = 7k + 2. Plugging this into
the equation above gives

13(7k) = 7(90 — x)

13k =90 —x
xr =90 — 13k.
.................................. [1 pt]
In conclusion, (x,y) = (90 — 13k, 7Tk + 2) where z,y > 0, so k must satisfy 0 < k& < 6.
.................................. [1 pt]

Explicitly writing out all the possibilities, we have

k | # of packs of 7 # of packs of 13
0190 2

1177 9

2|64 16

3|51 23

4|38 30

5125 37

6|12 44

(Solution by Zed)



4. [4 pts] The equation
2 — 3ka? + (3k* + p)r — k* — pk = 0,
when solved for x, gives three distinct real roots. If two of these roots are a and b
(a #b), find all possible pairs (p, k). Write your answers in terms of a and b.
(Problem by Biscuit and Zed)

Solution:

2 — 3ka? + (3k* + p)x — k* — pk =0
(2° — 3ka® + 3k’ — k°) + (px — pk) = 0
(z— k) +plx—k)=0

(z — k) ((z — k)* +p) =0.

............................... [1.5 pts]
Therefore, the three distinct real roots in x are
r=kk+~\—p.
............................... 0.5 pts]
If a < b, then there are three cases:
i) a=k—+/—pand b= k. This gives k =b and p = —(b — a)?.
i) a=k—+/—pand b=k+ /—p. This gives k = “TJ“b and p = — (b_T“)z
iii) a =k and b = k + y/=p. This gives k =a and p = —(b — a)>.
............................... [1.5 pts]

The b < a case gives the same three solutions as above but with a and b swapped, i.e.,

(k,p) = (a,—(a — b)?), (HT“, - (“74’)2), (b, —(a — b)?). These happen to be identical

to the three solutions obtained for the a < b case.

In conclusion, we have three solutions to (p, k):

a—b>2 a+b

(pa k) = (_(a - b)2>a) ) <_ ( 9

(Solution by Zed)



5. [5 pts] Show that 8 is the minimum number of cards Cookie needs to draw from a
standard 52-card deck to guarantee that he has two cards where the value on one of
them is a multiple of the value on the other card. (Assume that A =1,J =11, Q =
12, and K = 13.)

(Problem by Zed)
Solution:

If Cookie only chose 7 cards or fewer, then choosing cards with distinct numbers from
the set {7,8,9,10, 11, 12, 13} will allow him to have no card that is a multiple of another
CATA. oot [1 pt]

This is because the ratio of any card value to any smaller card value would be greater
than 1 and at most 13/7 < 2, meaning that this ratio cannot be an integer.

If Cookie chose 8 cards, then consider the set S = {1,2,3,...,13}. Partition S into
7 mutually disjoint subsets {1, 13}, {2, 4,8}, {3,9}, {5, 10}, {6, 12}, {7}, {11}. Then by
the pigeonhole principle, Cookie must have chosen two numbers from the same subset.
One of these two number must be a multiple of the other. .................. (3.5 pts]

In conclusion, 8 is the minimum number of cards Cookie has to choose such that one
card is a multiple of another.

(Solution by Zed)

Remark: In general, if Cookie chose k (not necessarily distinct) numbers from the set
{1,2,...,n}, then the minimum k that would guarantee one chosen number to be a
multiple of another is [2] 41, where [2] denotes the least integer not less than z. Can
you prove it? You may check this out for some inspiration.


https://www.cut-the-knot.org/pigeonhole/divide.shtml

6. [6 pts| Every point of the plane is colored one of two colors: gamboge and razzmatazz.
Prove that, for all d > 0, there exists a monochromatic isosceles triangle with positive
area and leg length d.

Note: A monochromatic triangle is one whose vertices are of the same color.

(Problem by Zed)

Solution:

Consider any circle w with center O and radius d. WLOG, let O be razzmatazz.
............................... [0.5 pts]

Case 1:

If there are three distinct points on w that are razzmatazz, then two of them (call
them A and B) are not endpoints of a diameter of w. Now, OA = OB, so AOAB is a
non-degenerate isosceles triangle with razzmatazz vertices and leg length d.

Case 2:


https://en.wikipedia.org/wiki/Without_loss_of_generality

If there are at most two points on w is razzmatazz, then there exists a completely
gamboge arc of w with gamboge endpoints A and B and central angle 120°. If C'is the
midpoint of the arc, then CA = CB, so ACAB is a non-degenerate isosceles triangle

with gamboge vertices. ........ ... . 2 pts]
Since AOAC satisfies OA = OC and ZAOC = 120°/2 = 60°, it is an equilateral
triangle. Therefore, ACAB has leg length CA=0A=d. ..................... [1 pt]

In conclusion, it is always possible to find a non-degenerate isosceles triangle with
vertices of the same color and leg length d.

(Solution by Zed)



7. [7 pts] Find the maximum possible value for positive integer n such that the following
property holds: there exists some positive integer M such that p? — 1 is divisible by n
for all prime numbers p > M.

(Problem by Zed)
Solution:
We claim that the answer is [24]
When n = 24, consider M = 5. Then 21 p and 31 p.!
Since p is odd, p = +1,43 (mod 8).? But (£1)*> = (+3)> = 1 (mod 8), so p* = 1

(Od 8. 1 pt]
Also, p = +1 (mod 3), meaning p> =1 (mod 3). ..., 0.5 pts]
We have therefore proven that p? — 1 is divisible by both 3 and 8. Since ged(3,8) =1,
we get that p? — 1 is divisible by 3 x 8 = 24 for all primes p > 5. ........... [0.5 pts]

Now, assume that positive integer M satisfies p> — 1 is divisible by n for all prime
numbers p > M. We will show that n < 24 in three steps.

First, we show that if prime ¢ | n, then ¢ = 2 or 3. If ¢ is even, then ¢ = 2. If ¢ is odd,
then there exists a prime p = kq + 2 > M for some integer k (Dirichlet’s theorem).
Since p = 2 (mod q), we have p>—1=22—1=3 (mod ¢). Butif ¢ | n, then p>—1 =0
(mod q), so q | 3, i.e., ¢ = 3. We have now proven that the only prime factors of n are
2and/or 3. 2 pts]

Next, we show that if 2% | n for integer a, then o < 3. Note that there exists a prime
p = 2% + 3 > M for some integer k (Dirichlet’s theorem). Since p = 3 (mod 2%), we
have p> —1=3%—-1=8 (mod 2%). But if 2% | n, then p> — 1 =0 (mod 2%), so 2% | 8,
e, a3 [1.5 pts]

Finally, we show that if 3° | n for integer 3, then 3 < 1. Note that there exists a prime
p = 3%k +2 > M for some integer k (Dirichlet’s theorem). Since p = 2 (mod 37), we
have p? — 1 =22 — 1 =3 (mod 3°). But if 3% | n, then p? — 1 =0 (mod 3°), so 3° | 3,
e, B < L [1.5 pts]

From the argument above, the prime factorization of n must be of the form n = 237,
where o < 3 and 3 < 1. Hence, n < 23 -3 = 24,

In conclusion, the largest possible value for n is 24.
(Solution by Zed)

La b means b is not divisible by a; a | b means b is divisible by a.
24 = b (mod m) means a and b give the same remainder when divided by m.
3Here, we used the fact that if @ = b (mod m), then a? = b* (mod m).

8


https://en.wikipedia.org/wiki/Dirichlet%27s_theorem_on_arithmetic_progressions
https://en.wikipedia.org/wiki/Dirichlet%27s_theorem_on_arithmetic_progressions
https://en.wikipedia.org/wiki/Dirichlet%27s_theorem_on_arithmetic_progressions

8. [8 pts] If n? + 6n + 11 = 2? + y? for positive integers n,z and y, prove that |Z] is
composite.

Note: |t] represents the greatest integer less than or equal to t.

(Problem by Tian)
Solution:
Notice that n? +6n+11 = (n+3)*+2 = 2,3 (mod 4).* But z2+y* =0,1,2 (mod 4),

so (n+3)2+2=2x?+9y*>=2 (mod 4). Therefore, n + 3 is even, meaning n is odd,
and z,y must also be odd. ... ... 2 pts]

Hence, let x =2a+ 1, y = 20+ 1, n = 2k + 1, where a, b, k are non-negative integers.
Substituting these into (n + 3)? + 2 = 2% + y? gives

(2k +4)> +2=(2a +1)* 4 (20 + 1)*

4k+2°+2=4a*+4da+ 14+ 40" +4b+ 1
(k+2P2=d’+a+b+b (%)
(k+2)*=(a—b)*+2ab+a+b.

Therefore,
LﬁJ _ {(2@—1— 1)(2b+ 1)J
2 2
4ab+ 2a 4+ 2b+1
o
=2ab+a+b
= (k+2)" — (a— b’
=(k+2+a-b)(k+2—a+Db)
................................. 3 pts]
It now suffices to show that both factors k +2 +a — b and k + 2 — a + b are greater
than 1. WLOG, let @ > b, which gives k+2+a—-b>1. ...................... [1 pt]

If 2 =y =1, then n? + 6n = 2> + y*> — 11 = —9, which is not possible. Therefore,
rYy > 2, S0 \_Z—yj >1. Thus, k+2—a+b>0. If k+2—a+ b= 1, then substituting
a=k+1+binto (x) gives

(k+2°=(k+1+b>*+(k+1+b)+b*+b
K>+ 4k +4= (K> +2kb+0* +2k +2b+ 1)+ (k+1+b)+ 1> +b
0=2b"+2kb—k +4b— 2
0 =26+ (2b — 1)(k + 2).

If b > 1, then the right side of the equation above is positive, but if b = 0, then the
right side is negative—a contradiction. So k+2 —a+b>1. ................. 2 pts]

4A perfect square is always 0 or 1 mod 4—an even perfect square 4m? = 0 (mod 4), whereas an odd
perfect square (2m + 1)? =4m? +4m +1=1 (mod 4).

9


https://en.wikipedia.org/wiki/Without_loss_of_generality

We have now proven that |2 | = (k+2+a—b)(k+ 2 — a+ b) where both factors are
greater than 1. L%J is hence composite.

(Solution by Tian)

Remark: 1f n > 1, then we also have %W is composite. Try proving this yourself—the

basic idea is similar to that of proving L%’j is composite.

10



9. [9 pts] Let circles wy and wy intersect at distinct points D and E. Let A distinct from
D, FE lie on w;. Let line AD intersect wy, at D and B and let line AFE intersect wy at E
and C. Prove that as A varies along w; while w; and w, are kept fixed, the circumcenter
of AABC moves along a fixed circle.

Note: The circumcenter of a triangle is the center of the circle that passes through all
of its vertices.

(Problem by Zed)

Solution:

WLOG, let the configuration be as shown in the diagram above.

Let the centers of wy,ws and AABC’s circumcircle be Oy, 05 and O, respectively. We
claim that the O lies on the circle with center Oy and radius AO;. We do so by proving
that AO,0-0 is a parallelogram.

Note that
1
ZOAC =90° — iéAOC (since AAOC is isosceles)
=90° - LABC (inscribed angle theorem on AABC’s circumcircle)
=90° - LZAED, (property of cyclic quadrilateral BCED)

so AO 1L DE. But O; and O, lie on the perpendicular bisector of DE, meaning
0,05 L DFE and thus

AO | 0,0,. (1)
................................. [3 pts]
In addition,
1
ZO1AD =90° — iéAOlD (since AAO; D is isosceles)
=90° — LAED (inscribed angle theorem on wy)
=90° — LZABC, (property of cyclic quadrilateral BCED)

11


https://en.wikipedia.org/wiki/Inscribed_angle
https://en.wikipedia.org/wiki/Cyclic_quadrilateral#Supplementary_angles
https://en.wikipedia.org/wiki/Inscribed_angle
https://en.wikipedia.org/wiki/Cyclic_quadrilateral#Supplementary_angles

so AO; L BC. But O and O lie on the perpendicular bisector of BC, meaning
00y 1L BC and thus
AO: || O0s. (2)

From (1) and (2), we conclude that AO,0,0 is a parallelogram. Therefore, OOy =
AO;. As A moves along w; with wy, wsy kept fixed, the circumcenter O of AABC thus
moves along a fixed circle with center Oy and radius AOy. .................... 2 pts]

(Solution by Zed)

Remark: After proving that AO || 010, we could’ve also proven AO = 010, to show
that AO10,0 is a parallelogram. This can be done through similar triangles: AADC ~

AO1DOy and NAOC ~ ANAO1D due to AA, so 01}1—82 = 01}1—82% = OAIII)) ;!4(?1 = 1.

12



L . [ 2%+ yP + 2P
10. [10 pts] Let positive real numbers x,y, 2 satisfy z°y> < 4 and xyz = +

Find the maximum possible value of zyz.

(Problem by Zed)
Solution:
We prove that the answer is [2]

Let t = zyz = 4/ M > 0. Then 2° + ¢° + 2% = 3t2. By the AM-GM inequality,

5 5 5 5 5 5 5 5
s s 22 22 22z . z z z z
i . - - > 5 5 - . i i
x+y—|—4+4+4+4_6\/(x)(y)(4)(4><4><4>

P+ +2°>6

5,5 ~20 15,15
2’4y + 20 > Gi/(x i; ) (m 43 ) (since 2°y°/4 < 1)

6 3 mlOylozlo

5 5 5
Pyt 42 > 6\ i

3t2>6

L0, Yz S 2 [1.5 pts]
Now, consider = = 2%, Yy = 2%, z= 2%, which satisfies the restriction xyz = \/W

as ryz = 2 and \/% = \/% = 2. In this case, we achieve equality xyz = 2.

............................... [1.5 pts]
In conclusion, the maximum possible value of zyz is 2.
(Solution by Zed)

Remark: An alternative but equivalent way to use AM-GM is to apply it twice: z° +
Y’ + 25 > 2\/abyd + 20 > 21%19/4 + 2°/2 4 25 /2 > 33/210y10210/16, which gives
3t2 > 33/t10/16.
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https://en.wikipedia.org/wiki/Inequality_of_arithmetic_and_geometric_means

11. [11 pts] The country of SJTAM has 2021 cities arranged in a circle. Every two adjacent
cities are connected by a single highway with a positive integer number of lanes. The
Prime Minister of the country, Johnny Mac?, feels that some highways are too wide and
some are too narrow. Therefore, he devised a plan to “even out” the lanes. The plan
is to first go to the capital city, and then repeat indefinitely the following operation
consisting of two steps:

e Johnny Mac looks at the two highways connected to the city he’s currently in.
If the two highways have the same number of lanes, then he does nothing with
them. Otherwise, he removes one lane from the wider highway and adds a lane
to the other.

e Johnny Mac goes to the next city in clockwise direction around the circle of cities.
Define d(t) to be the difference between the widths of the widest and narrowest high-
ways after t > 0 operations by Johnny Mac. (The “width” of a highway is the number
of lanes it has.) Determine the smallest possible value for D satisfying the following

property: there always exists a ty > 0 such that d(t) < D for all t > ¢, regardless of
the initial widths of the highways.

(Problem by Zed)
Solution:

We claim the answer is . Note that D > 2, since we can construct an initial
configuration of highways for which d(t) = 2 for all ¢:

..,3,1,3,1,3,2,1,3,1,3,1,...

where there are 1010 highways with 3 lanes, 1010 with 1 lane, and 1 with 2 lanes.
(The underlined highways are those connected to the city where Johnny Mac currently
TESIABS. ) ottt [1 pt]

The above configuration has d(0) = 3 — 1 = 2. In addition, after one operation, the
configuration becomes

o3, 1,3,1,3,1,2,3, 1,3, 1,...
which has d(1) =3 — 1 = 2. After the second operation, the configuration becomes
3, 1,3,1,3,1,3,2, 1,3, 1,...
which is the same as the initial configuration, but shifted to the right by two cities.
Therefore, the above cycle of two operations will repeat itself indefinitely, with the

configuration at the end of each cycle being a shifted version of the configuration at
the start of the cycle. Hence, d(t) =3 —1=2forallt. ..................... [0.5 pts]

5Mascot of SJAM
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Now, we show that D = 2 is possible. In other words, we show the existence of ty > 0
for which d(t) < 2 for all t > tg, regardless of the initial widths of the highways.

First, we show that after ¢, operations for some ¢y > 0, all the remaining operations
will occur between highways whose widths differ by at most 1. Consider .S, the sum of
squares of all highway widths. Note that if b —a > 1, then

(a+1*+(b—-1) =a>+2a+1+b*—2b+1
=a*+b*—-2(b—a—1)
< a®+ b

Therefore, if Johnny Mac operates on highways with widths a and b (b > a) that differ
by more than 1, then the sum of squares of the two highway widths will decrease, re-
sulting in a decrease in S. Since S is a positive integer, it can only be decreased finitely
many times, meaning that after some point in the future, all remaining operations can
only occur between highways whose widths differ by at most 1. ............. [5.5 pts]

We now show that the above can only happen if d(t) < 2 for all t > t,. Assume that
after the toth operation, Johnny Mac is located in a city where the highway behind
him (i.e., the one connecting his current city to his previous city) has [ lanes. Then
the width of the highway in front of him must be [, [ + 1, or [ — 1. In each case, the
highway in front of him will have [ lanes after Johnny Mac’s next operation. And as
he moves to his next city, this highway becomes the highway behind him, which will
have [ lanes again. The entire process then repeats itself indefinitely. Thus, at any
point in time after Johnny Mac’s first ¢y operations, he will always have [ lanes behind
him and [, [ + 1, or [ — 1 lanes in front of him. This means that all highways will have
either [, [+ 1,or l —1lanes, sod(t) < (I+1)—(l—1)=2forall t >t ..... [4 pts]

In conclusion, the minimum possible value for D is 2.
(Solution by Zed)
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12. [12 pts] Consider AABC with ZABC' # 90° and ZACB # 90°. Let D distinct from
B, C lie on line BC'. Let E be on line AB such that BE = DFE. Similarly, let F' be
on line AC' such that CF = DF'. Prove that if the orthocenter of ADFEF and the
circumcenter of AABC' do not coincide, then the line joining them is parallel to BC.

Note: The orthocenter of ADFEF is the unique point H such that HD 1 EF, HE |
FD, and HF 1 DE. The circumcenter of a triangle is the center of the circle that
passes through all of its vertices.

(Problem by Tian)

Solution:

Lemma 1. In cyclic quadrilateral PQRS, X and Y are the orthocenters of APQR
and ASQR respectively. Then XY || PS.

Proof. Let O be the center of the circumcircle of PQRS and let M be the midpoint of
QR.

§g—7 —p

Note tlﬂ> ]?Xz = 2@ and S—X} = QW due to this well-known lemma. Therefore,
PX = SY, so PXYS is a parallelogram and XY || PS.
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https://www.mathematiquesfaciles.com/forum/lire.php?num=15&msg=46243&titre=Orthocentre+et+vecteur

WLOG, let the configuration be as shown above.

Let the circumcircle of ADEF intersect line BC at D and G. Let O’ be the orthocenter
of AEFG. We claim O’ is the circumcenter of AABC.

Notice that

LGO'F =180° — LO'FG — LFGO'
= 180° — (90° — ZFGE) — (90° — ZEFQ)

= /FGE+ ZEFG
= 180° — ZGEF
=/FDG (property of cyclic quadrilateral DFEG)
= 180° — ZCDF = 180° — LF(CG, (ACDF is isosceles)
so C, F,0',G are on the same circle due to this theorem. By symmetry, B, E,0', G
are on the same circle. ... ... .. . [4 pts]
Thus, we find
L0'CB = LO'FG (inscribed angle theorem on CFO'G)
=90° - LZFGE
=90° - LZFDE (inscribed angle theorem on DFEG)

=90° — (180° — LEDB — ZCDF)
=90° — (180° — £ZDBE — ZFCD) (ACDF and ABDE are isosceles)
=90° — ZA.

Similarly, ZCBO’" = 90° — ZA. This shows that ZO'CB = ZCBO’, from which
BO' = CO'. In addition, ZBO'C" = 180° — ZO'CB — ZCBO" = 180° — (90° —
LA) —(90° — LA) = 2/LA. By the converse of the inscribed angle theorem, O’ is the
circumcenter of AABC. ... [4 pts]


https://en.wikipedia.org/wiki/Cyclic_quadrilateral#Supplementary_angles
https://en.wikipedia.org/wiki/Cyclic_quadrilateral#Supplementary_angles
https://en.wikipedia.org/wiki/Inscribed_angle#Theorem
https://en.wikipedia.org/wiki/Inscribed_angle#Theorem
https://en.wikipedia.org/wiki/Inscribed_angle#Theorem

Now, by applying Lemma 1 with DF EG being PQRS, we get HO' || DG, and we're
dome. [1 pt]

(Solution by Tian)
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